Two integrable differential-difference equations derived from NLS-type
  equation by Xu, Zong-Wei et al.
ar
X
iv
:1
50
3.
09
07
3v
3 
 [n
lin
.SI
]  
5 A
pr
 20
15
Two integrable differential-difference equations derived
from NLS-type equation
Zong-Wei Xu†,Guo-Fu Yu† and Yik-Man Chiang‡,
†Department of Mathematics, Shanghai Jiao Tong University,
Shanghai 200240, P.R. China
‡ Department of Mathematics, Hong Kong University of Science and Technology,
Clear Water Bay, Kowloon, Hong Kong, P. R. China
Abstract
Two integrable differential-difference equations are derived from a (2+1)-dimensional modified Heisen-
berg ferromagnetic equation and a resonant nonlinear Schro¨inger equation respectively. Multi-soliton
solutions of the resulted semi-discrete systems are given through Hirota’s bilinear method. Elastic and
inelastic interaction behavior between two solitons are studied through the asymptotic analysis. Dynam-
ics of two-soliton solutions are shown with graphs.
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1 Introduction
Recently, integrable discretizations of integrable equations have been of considerable and current interest
in soliton theory. As Suris mentioned [1], various approaches to the problem of integrable discretization
are currently developed, among which the Hirota’s bilinear method is very powerful and effective. Discrete
analogues of almost all interesting soliton equations, the KdV, the Toda chain, the sine-Gordon, etc., can
be obtained by the Hirota method. The purpose of this paper is to consider integrable discrete analogues of
two nonlinear Schro¨dinger (NLS)-type system by Hirota method.
The one-dimensional classical continuum Heisenberg models with different magnetic interactions have
been settled as one of the interesting and attractive classes of nonlinear dynamical equations exhibiting the
complete integrability on many occasions. As is well known, Heisenberg first proposed in 1928 the following
discrete (isotropic) Heisenberg ferromagnetic (DHF) spin chain [2]
S˙n = Sn × (Sn+1 + Sn−1), (1)
where Sn = (s
n
1 , s
n
2 , s
n
3 ) ∈ R
3 with |Sn| = 1 and the overdot represents the time derivative with respect to t.
The DHF chain plays an important role in the theory of magnetism.
A performance of the standard continuous limit procedure leads DHF model (1) to the integrable Heisen-
berg ferromagnetic model
St = S× Sxx, (2)
which is an important equation in condensed matter physics [3]. NLS-type equations are extensively used
to describe nonlinear water waves in fluids, ion-acoustic waves in plasmas, nonlinear envelope pulses in the
fibers. It is known that HF is gauge equivalent to NLS equation and DHF is gauge equivalent to a kind of
discrete NLS-like equation [4].
Higher dimensional nonlinear evolution equations are proposed to describe certain nonlinear phenomena.
Due to the dependence on the additional spatial variables in higher dimensional systems, richer solution
structure might appear, such as dromions, lumps, breathers and loop solitons.
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An extension of Eq. (2) is the (2 + 1)-dimensional integrable modified HF system [5–8], as follows,
ut + uxy + uw = 0, (3a)
vt − vxy − vw = 0, (3b)
wx + (uv)y = 0, (3c)
which is associated with the (2 + 1)-dimensional NLS equation
iqτ + qξτ − 2q
∫
(|q|2q)ηdξ = 0, (4)
where η is a spatial variable y. System (3) can also be used to model the biological pattern formation in
reaction-diffusion process [8, 9]. In Ref. [6], system (3) was investigated through the prolongation structure
and Lax representation. In Refs. [7, 8], integrable property of system (3) was studied through the Painleve´
analysis, and some localized coherent and periodic solutions were given by means of the multi-linear variable
separation approach. Multi-soliton solutions of system (3) was derived in [10] by means of the Hirota bilinear
method, and the double Wronskian solutions was given therein. Similar as the counterpart between DHF
(1) and continuous HF (2), it is natural to consider discrete version of the (2 + 1)-dimensional modified HF
system (3).
A new integrable version of the nonlinear Schro¨dinger (NLS) equation, called the resonant NLS (RNLS)
equation,
iUt +Uxx +
α
4
|U|2U = β
1
|U|
|U|xxU, (5)
was recently proposed [11] to describle low-dimensional gravity (the Jackiw-Teitelboim model) and response
of a medium to the action of a quasimonochromatic wave. Here α is a nonlinear coefficient, and β denotes
the strength of electrostriction pressure or diffraction. The term |U |xx/|U | on the righthand side of Eq. (5)
is so called the ”quantum potential”. Moreover, Eq. (5) can model propagation of one-dimensional long
magnetoacoustic waves in a cold collisionless plasma subject to a transverse magnetic field [12]. Note that
when β < 1 Eq. (5) is reduced to NLS
iΦξ +Φττ + σ|Φ|
2Φ = 0. (6)
When β > 1, it is not reducible to the usual NLS equation but to a reaction-diffusion (RD) system [12–14].
The Lax pair in the 2×2 matrix form of Eq.(5) was given in [15]. Based on the RD version of RNLS, multi-
soliton solutions were derived via the Ba¨cklund-Darboux transformations in [12] and via the Hirota method
in [13] respectively. In [14], integrable extension of Eq.(5) has been suggested and soliton solutions of the
resonant NLS case under the reduction condition have been presented via the Hirota method. Additionally,
the method of binary Bell polynomials was used to study two-soliton solution and integrable properties of
Eq.(5) in [16].
Since NLS equation has integrable discrete versions and RNLS is an intermediate equation between the
focusing and defocusing NLS equation, it is natural to study the discrete analogue of RNLS. This paper is
to investigate the integrable discretization of RNLS equation (5) in the case of β > 1.
The paper is structured as follows. In section 2, we present multi-soliton solutions and discrete version of
(2 + 1)−dimensional modified HF equation. In section 3, we study RNLS equation, including multi-soliton
solutions, semi-discrete analogue and dynamic properties of solutions. Finally, a short conclusion is given in
section 4.
2 (2+1)-dimensional modified HF equation
2.1 N-soliton solution to modified HF system
Through the variable transformation
u =
G
F
, v =
H
F
, w = 2(ln(F ))xy, (7)
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Eq.(3) transforms into the following bilinear form
(Dt +DxDy)G •F = 0, (8a)
(Dt −DxDy)H •F = 0, (8b)
D2xF •F +GH = 0. (8c)
The Hirota bilinear differential operator Dmx D
k
t is defined by [17]
Dmx D
n
y a • b ≡
(
∂
∂x
−
∂
∂x′
)m(
∂
∂y
−
∂
∂y′
)n
a(x, y)b(x′, y′)|x′=x,y′=y,
m, n = 0, 1, 2, · · · .
One-, two- and three-soliton solutions of bilinear equation set (8) are given in [10]. Note that the bilinear
equations (8) are in Schro¨dinger type, here we present a compact form of multi-soliton solutions to the
system (8). The two-soliton is given as
F = 1 + a(1, 1∗) exp(η1 + ξ1) + a(1, 2
∗) exp(η1 + ξ2)
+ a(2, 1∗) exp(η2 + ξ1) + a(2, 2
∗) exp(η2 + ξ2)
+ a(1, 2, 1∗, 2∗) exp(η1 + η2 + ξ1 + ξ2), (9)
G = exp(η1) + exp(η2) + a(1, 2, 1
∗) exp(η1 + η2 + ξ1)
+ a(1, 2, 2∗) exp(η1 + η2 + ξ2), (10)
H = exp(ξ1) + exp(ξ2) + a(1, 1
∗, 2∗) exp(η1 + ξ1 + ξ2)
+ a(2, 1∗, 2∗) exp(η2 + ξ1 + ξ2). (11)
with
ηi = kix+ liy + ωit+ η
0
i , wi = −kili, (12)
ξi = pix+ qiy +Ωit+ ξ
0
i , Ωi = piqi, (13)
and the coefficients are defined by
a(i, j) = −2(ki − kj)
2, (14)
a(i, j∗) = −
1
2(ki + pj)2
, (15)
a(i∗, j∗) = −2(pi − pj)
2, (16)
a(i1, i2, · · · , in) =
∏
1≤l<k≤n
a(il, ik). (17)
Generally, exact N -soliton solution to Eq. (8) is expressed in the following form
F =
(e)∑
µ=0,1
exp

 N∑
j=1
µjηj +
2N∑
j=N+1
µjξj−N +
2N∑
1≤i<j
µiµjAij

 , (18)
G =
(o)∑
ν=0,1
exp

 N∑
j=1
νjηj +
2N∑
j=N+1
νjξj−N +
2N∑
1≤i<j
νiνjAij

 , (19)
H =
(o)∑
λ=0,1
exp

 N∑
j=1
λjηj +
2N∑
j=N+1
λjξj−N +
2N∑
1≤i<j
λiλjAij

 , (20)
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with
ηj = kjx+ ljy + ωjt, ωj = −kj lj , j = 1, 2, · · · , N, (21)
ξj = pjx+ qjy +Ωjt, Ωj = pjqj , j = 1, 2, · · · , N, (22)
exp(Aij) = −2(ki − kj)
2, i < j = 2, 3, · · · , N (23)
exp(Ai,N+j) = −
1
2(ki + pj)2
, i, j = 1, 2, · · · , N, (24)
exp(AN+i,N+j) = −2(pi − pj)
2, i < j = 2, 3, · · · , N. (25)
Here αj , γj are both real parameters relating respectively to the amplitude and phase of the ith soliton. The
sum
∑(e)
µ=0,1 indicates the summation over all possible combinations of µi = 0, 1 under the condition
N∑
j=1
µj =
N∑
j=1
µN+j , (26)
and
∑(o)
ν=0,1,
∑(o)
λ=0,1 indicate the summation over all possible combinations of λi = 0, 1, νi = 0, 1 under the
condition
N∑
j=1
νj =
N∑
j=1
νN+j + 1, (27)
N∑
j=1
λj =
N∑
j=1
λN+j − 1. (28)
The proof of the N -soliton solution here is similar to that of the combined Schro¨dinger-mKdV equation in
[18] and can be completed by induction. One can check the details therein.
2.2 Integrable semi-discrete analogue of modified HF equation
In this section, we construct the integrable discretization of HF equation (5) by using Hirota’s discretization
method [19]. The Hirota bilinear difference operator exp(δDn) is defined as [17],
exp(δDn)a(n) • b(n) ≡ exp
[
δ
( ∂
∂n
−
∂
∂n′
)]
a(n)b(n′) |n′=n= a(n+ δ)b(n− δ).
The differential-difference HF system is obtained by discretizing the spacial part of the bilinear Eq. (8),
DxG •F →
1
ǫ
(Gn+1Fn −GnFn+1), (29)
D2xF •F →
2
ǫ2
(
Fn+1Fn−1 − F
2
n
)
, (30)
where x = nǫ, n being integers and ǫ a spatial-interval. Substituting (29)-(30) into Eq.(8) results to
DtGn •Fn +
1
ǫ
Dy(Gn+1 •Fn −Gn •Fn+1) = 0, (31)
DtHn •Fn −
1
ǫ
Dy(Hn+1 •Fn −Hn •Fn+1) = 0, (32)
2
ǫ2
(
Fn+1Fn−1 − F
2
n
)
+GnHn = 0. (33)
We demand that the discretized bilinear forms are invariant under the gauge transformation:
Fn → Fn exp(q0n), (34)
Gn → Gn exp(q0n), (35)
Hn → Hn exp(q0n). (36)
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Then we find a gauge invariant semi-discrete bilinear HF equations
(ǫDt + 2Dy)Gn+1 •Fn + (ǫDt − 2Dy)Gn •Fn+1 = 0, (37)
(ǫDt − 2Dy)Hn+1 •Fn + (ǫDt + 2Dy)Hn •Fn+1 = 0, (38)
2
ǫ2
(
Fn+1Fn−1 − F
2
n
)
+GnHn = 0, (39)
or equivalently in compact form
(ǫDt cosh
Dn
2
+ 2Dy sinh
Dn
2
)Gn •Fn = 0, (40)
(ǫDt cosh
Dn
2
− 2Dy sinh
Dn
2
)Hn •Fn = 0, (41)
2(Fn+1Fn−1 − F
2
n) + ǫ
2GnHn = 0. (42)
Let
un =
Gn
Fn
, vn =
Hn
Fn
, rn = ln
Fn+1
Fn
. (43)
Then Eqs. (37)-(39) are transformed into ordinary nonlinear form
(un+1 + un)t + (un+1 − un)rn,t +
2
ǫ
[
(un+1 − un)y + (un+1 + un)rn,y
]
= 0, (44)
(vn+1 + vn)t + (vn+1 − vn)rn,t −
2
ǫ
[
(vn+1 − vn)y + (vn+1 + vn)rn,y
]
= 0, (45)
2
ǫ2
(ern−rn−1 − 1) + unvn = 0. (46)
When we take the continuum limit ǫ→ 0, (119)-(129) reduce to (77)-(78) and
2(lnF )xx + uv = 0. (47)
Differentiating Eq.(130) with respect to variable y, we get Eq. (3c). Thus we regard (119)-(129) as a semi-
discrete version of the HF system (3). In the following discussion we take the interval ǫ = 1 for the sake of
simplicity.
Following the Hirota method, we expand Gn, Hn and Fn in series with a small parameter δ as
Fn = 1+ δ
2F (2)n + δ
4F (4)n + · · ·+ δ
2kF (2k)n + · · · , (48)
Gn = δG
(1)
n + δ
3G(3)n + · · ·+ δ
(2k+1)G(2k+1)n + · · · , (49)
Hn = δH
(1)
n + δ
3H(3)n + · · ·+ δ
(2k+1)H(2k+1)n + · · · . (50)
Substituting the expansion into the above bilinear Eqs. (37)-(39), we find that there are only odd order
terms of δ in the first two equations while only even order terms appear in the third one. By the standard
direct perturbation method, we obtain the one-soliton solution
Gn = γ1 exp(η1), Hn = γ
′
1 exp(η
′
1), Fn = 1−
γ1γ
′
1β1β
′
1
(β1β′1 − 1)
2
exp(η1 + η
′
1), (51)
where η1 = p1t+ q1y + ln(β1)n, η
′
1 = p
′
1t+ q
′
1y + ln(β
′
1)n, and β1, β
′
1 satisfy
β1 =
2q1 − p1
2q1 + p1
, (52)
β′1 =
2q′1 + p
′
1
2q′1 − p
′
1
, (53)
α1, γ1 and α
′
1, γ
′
1 are arbitrary constants. The two-soliton solution is presented as
Gn = δ[exp(η1) + exp(η2)] + δ
3[a121 exp(η1 + η2 + η
′
1) + a122 exp(η1 + η2 + η
′
2)], (54)
Hn = δ[exp(η
′
1) + exp(η
′
2)] + δ
3[b121 exp(η
′
1 + η
′
2 + η1) + b122 exp(η
′
1 + η
′
2 + η2)], (55)
Fn = 1− δ
2
[γ1γ′1β1β′1 exp(η1 + η′1)
2(β1β′1 − 1)
2
+
γ1γ
′
2β1β
′
2 exp(η1 + η
′
2)
2(β1β′2 − 1)
2
+
γ2γ
′
1β2β
′
1 exp(η2 + η
′
1)
2(β2β′1 − 1)
2
+
γ2γ
′
2β2β
′
2 exp(η2 + η
′
2)
2(β2β′2 − 1)
2
]
+ δ4χ1212[exp(η1 + η2 + η
′
1 + η
′
2)] (56)
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where
a121 = −
γ1γ2γ
′
1(β1 − β2)
2β′21
2(β2β′1 − 1)
2(β1β′1 − 1)
2
, a122 = −
γ1γ2γ
′
2(β1 − β2)
2β′22
2(β2β′2 − 1)
2(β1β′2 − 1)
2
,
b121 = −
γ1γ
′
1γ
′
2(β
′
1 − β
′
2)
2β21
2(β1β′1 − 1)
2(β1β′2 − 1)
2
, b122 = −
γ2γ
′
1γ
′
2(β
′
1 − β
′
2)
2β22
2(β2β′2 − 1)
2(β2β′1 − 1)
2
,
χ1212 =
(β1 − β2)
2(β′1 − β
′
2)
2γ1γ2γ
′
1γ
′
2β1β2β
′
1β
′
2
4(β1β′1 − 1)
2(β1β′2 − 1)
2(β2β′1 − 1)
2(β2β′2 − 1)
2
. (57)
We can use the following compact expression for the above two-soliton solution,
Fn = 1 + a(1, 1
∗)γ1γ
′
1γ
′
1 exp(η1 + η
′
1) + a(1, 2
∗)γ1γ
′
2 exp(η1 + η
′
2)
+ a(2, 1∗)γ2γ
′
1 exp(η2 + η
′
1) + a(2, 2
∗)γ2γ
′
2 exp(η2 + η
′
2)
+ a(1, 2, 1∗, 2∗)γ1γ
′
1γ2γ
′
2 exp(η1 + η2 + η
′
1 + η
′
2), (58)
Gn = γ1 exp(η1) + γ2 exp(η2) + a(1, 2, 1
∗)γ1γ2γ
′
1 exp(η1 + η2 + η
′
1)
+ a(1, 2, 2∗)γ1γ2γ
′
2 exp(η1 + η2 + η
′
2), (59)
Hn = γ
′
1 exp(η
′
1) + γ
′
2 exp(η
′
2) + a(1, 1
∗, 2∗)γ1γ
′
1γ
′
2 exp(η1 + η
′
1 + η
′
2)
+ a(2, 1∗, 2∗)γ2γ
′
1γ
′
2 exp(η2 + η
′
1 + η
′
2), (60)
where the coefficients are defined as
a(i, j) = −2
(βi − βj)
2
βiβj
, (61)
a(i, j∗) = −
βiβ
′
j
(βiβ′j − 1)
2
, (62)
a(i∗, j∗) = −2
(β′i − β
′
j)
2
β′iβ
′
j
, (63)
and a(i, j, k∗), a(i, j∗, k∗), a(i, j, k∗, l∗) satisfy the operation rule (17). In the same way, we can construct the
three-soliton solution as that in [20]. The above expressions of the one- and two-soliton solutions suggest
the exact N -soliton solution of Eqs. (37)-(39) in the following form
Fn =
(e)∑
µ=0,1
exp

 N∑
j=1
µjηj +
2N∑
j=N+1
µjη
′
j−N +
2N∑
1≤k<l
µkµlAkl

 , (64)
Gn =
(o)∑
ν=0,1
exp

 N∑
j=1
νjηj +
2N∑
j=N+1
νjη
′
j−N +
2N∑
1≤k<l
νkνlAkl

 , (65)
Hn =
(o)∑
λ=0,1
exp

 N∑
j=1
λjηj +
2N∑
j=N+1
λjη
′
j−N +
2N∑
1≤k<l
λkλlAkl

 , (66)
where
ηj = pjt+ qjy + ln(βj)n+ γj , βj =
2qj − pj
2qj + pj
, j = 1, 2, · · · , N, (67)
η′j = p
′
jt+ q
′
jy + ln(β
′
j)n+ γ
′
j , β
′
j =
2q′j + p
′
j
2q′j − p
′
j
, j = 1, 2, · · · , N, (68)
exp(Akl) = −2
(βk − βl)
2
βkβl
, k < l = 2, 3, · · · , N (69)
exp(Ak,N+l) = −
1
2
βkβ
′
l
(βkβ′l − 1)
2
, k, l = 1, 2, · · · , N, (70)
exp(AN+k,N+l) = −2
(β′k − β
′
l)
2
β′kβ
′
l
, k < l = 2, 3, · · · , N. (71)
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Here pj , qj , βj , γj are all real parameters. The summations
∑(e)
µ=0,1,
∑(o)
ν=0,1 and
∑(o)
λ=0,1 satisfy the condition
(26)-(28) respectively.
2.3 Soliton propagation and interaction
By virtue of (43), (54)-(57), interaction between the two solitons can be investigated. From Fig. 1, head-on
elastic interaction between the two solitons is found. With the time evolution, two solitons travel towards
each other and then separate. After the interaction, the two solitons maintain their original amplitudes,
velocities and shapes except for the phase shifts. To interpret the elastic interaction behavior of two solitons
under the condition γ1γ2γ
′
1γ
′
2 6= 0, asymptotic analysis is carried out in the following.
First we take the notation χij = a(i, j
∗) and let
A = {|η1 + η
′
1| , |η1 + η
′
2| , |η2 + η
′
1| , |η2 + η
′
2| , |η1 − η2| , |η
′
1 − η
′
2|} .
When γ1γ2γ
′
1γ
′
2 6= 0, we have the following asymptotic behaviors as
φ =
GH
F 2
∼


γ1γ
′
1
|γ1γ′1χ11|
sech2
(
η1+η
′
1+ln|γ1γ′1χ11|
2
)
η1 + η
′
1 fixed, η2 + η
′
2 → −∞, |η2 + η
′
2| = maxA
γ1γ
′
1
|γ1γ′1χ11|
sech2
(
η1+η
′
1+ln|γ1γ′1χ1212χ
−1
22 |
2
)
η1 + η
′
1 fixed, η2 + η
′
2 → +∞, |η2 + η
′
2| = maxA
γ2γ
′
2
|γ2γ′2χ22|
sech2
(
η2+η
′
2+ln|γ2γ
′
2χ22|
2
)
η2 + η
′
2 fixed, η1 + η
′
1 → −∞, |η1 + η
′
1| = maxA
γ2γ
′
2
|γ2γ′2χ22|
sech2
(
η2+η
′
2+ln|γ2γ
′
2χ1212χ
−1
11 |
2
)
η2 + η
′
2 fixed, η1 + η
′
1 → +∞, |η1 + η
′
1| = maxA
γ1γ
′
2
|γ1γ′2χ12|
sech2
(
η1+η
′
2+ln|γ1γ
′
2χ12|
2
)
η1 + η
′
2 fixed, η2 + η
′
1 → −∞, |η2 + η
′
1| = maxA
γ1γ
′
2
|γ1γ′2χ12|
sech2
(
η1+η
′
2+ln|γ1γ
′
2χ1212χ
−1
21 |
2
)
η1 + η
′
2 fixed, η2 + η
′
1 → +∞, |η2 + η
′
1| = maxA
γ2γ
′
1
|γ2γ′1χ21|
sech2
(
η2+η
′
1+ln|γ2γ′1χ21|
2
)
η2 + η
′
1 fixed, η1 + η
′
2 → −∞, |η1 + η
′
1| = maxA
γ2γ
′
1
|γ2γ′1χ21|
sech2
(
η2+η
′
1+ln|γ2γ
′
1χ1212χ
−1
12 |
2
)
η2 + η
′
1 fixed, η1 + η
′
2 → +∞, |η1 + η
′
1| = maxA
γ1γ2a122
|γ1γ2χ12χ22|
sech2
(
η1−η2+ln|γ1χ12γ−12 χ
−1
22 |
2
)
η1 − η2 fixed, η
′
1 − η
′
2 → −∞, |η
′
1 − η
′
2| = maxA
γ1γ2a121
|γ1γ2χ11χ21|
sech2
(
η1−η2+ln|γ1χ11γ−12 χ
−1
21 |
2
)
η1 − η2 fixed, η
′
1 − η
′
2 → +∞, |η2 + η
′
1| = maxA
γ′1γ
′
2b212
|γ′1γ′2χ21χ22|
sech2
(
η′1−η
′
2+ln|γ
′
1χ21γ
′
2
−1χ
−1
22 |
2
)
η′1 − η
′
2 fixed, η1 − η2 → −∞, |η1 + η
′
1| = maxA
γ′1γ
′
2b112
|γ′1γ′2χ11χ12|
sech2
(
η1−η2+ln|γ′1χ11γ
′
2
−1χ
−1
12 |
2
)
η′1 − η
′
2 fixed, η1 − η2 → +∞, |η1 + η
′
1| = maxA
(72)
Plots of two solitons interaction at different times are shown in Fig. 1.
In addition, inelastic interaction between the two solitons can be found. When γi or γ
′
i in (58)-(60) is
chosen to be zero, soliton fusion and fission may occur during the interaction. Specially, when γ′2 = 0 and
7
Fig. 1: Two-soliton interaction for φ = GH/F 2 by (58)-(60) with parameters γ1 = 1, γ2 = 1, γ
′
1 = −1, γ
′
2 =
−1, p1 = 0.2, p2 = 0.3, q1 = −0.7, q2 = 0.6, p
′
1 = 0.3, p
′
2 = 0.2, q
′
1 = −0.8, q
′
2 = 0.75
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γ1γ2γ
′
1 6= 0, we have the following asymptotic analysis for φ,
φ =
GH
F 2
=
γ1γ
′
1e
−(η2+η′2) + γ2γ
′
1e
−(η1+η′2) + γ1γ2γ
′
1
2a121e
η′1−η
′
2(
e−
η1+η
′
1
+η2+η
′
2
2 + χ11γ1γ′1e
η1+η
′
1
−η2−η
′
2
2 + χ21γ2γ′1e
η2+η
′
1
−η1−η
′
2
2
)2
∼


γ1γ
′
1
|γ1γ′1χ11|
sech2
(
η1+η
′
1+ln|γ1γ′1χ11|
2
)
η1 + η
′
1 fixed, η2 + η
′
2 → −∞
γ2γ
′
1
|γ2γ′1χ21|
sech2
(
η2+η
′
1+ln|γ2γ′1χ21|
2
)
η2 + η
′
1 fixed, η1 + η
′
2 → −∞
γ1γ2a121
|γ1γ2χ11χ21|
sech2
(
η1−η2+ln|γ1χ11γ−12 χ
−1
21 |
2
)
η1 − η2 fixed, η
′
1 − η
′
2 → +∞
Fig. 2 depicts one soliton split into two solitons with time evolution under the condition γ′2 = 0.
3 Resonant nonlinear Schro¨dinger equation
3.1 multi-soliton solutions of RNLS equation
In [16], only two-soliton solution of RNLS equation are given. In this section, we present N− soliton solution.
We introduce the transformation
U = exp
u+ iau+ v − iav
2
, (73)
where u = u(x, t) and v = v(x, t) are both real functions, and a is a real constant. Eq. (5) is transformed
into
2(i− a)ut + (1− β − a
2 + 2ia)u2x + 2(1− β + ia)uxx + 2(i+ a)vt
+ (1− β − a2 − 2ia)v2x + 2(1− β − ia)vxx + 2(1− β + a
2)uxvx + α exp(u+ v) = 0. (74)
Since all the functions and parameters in Eq. (74) are real, separating the real and imaginary parts of Eq.
(74) gives as
2aut − (1 − β − a
2)u2x − 2(1− β)uxx − 2avt − (1− β − a
2)v2x
− 2(1− β)vxx − 2(1− β + a
2)uxvx − α exp(u+ v) = 0, (75)
ut + au
2
x + auxx + vt − av
2
x − avxx = 0. (76)
In what follows, we set β = 1 + a2. Adding and subtracting (75) and (76) yield, respectively, two similar
equations,
2(1− a)[ut + au
2
x + auxx] + 2(1 + a)[vt − av
2
x − avxx] + αe
u+v = 0, (77)
2(1 + a)[ut + au
2
x + auxx] + 2(1− a)[vt − av
2
x − avxx]− αe
u+v = 0. (78)
It is easy to check that provided Eqs.(77)-(78) hold automatically, the following two equations are satisfied,
ut + a(uxx + u
2
x)−
α
4a
eu+v = 0, (79)
vt − a(vxx + v
2
x) +
α
4a
eu+v = 0. (80)
Through the dependent variable transformation
u = ln
g
f
, v = ln
h
f
, (81)
Eqs. (79)-(80) are transformed into
4a
gf
[(Dt + aD
2
x)g •f ]−
1
f2
(4a2D2xf •f + αgh) = 0, (82)
4a
hf
[(Dt − aD
2
x)h •f ] +
1
f2
(4a2D2xf •f + αgh) = 0, (83)
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Fig. 2: One soliton splits into two solitons for φ = GH/F 2 by (58)-(60) with parameters γ1 = 1, γ2 = 1, γ
′
1 =
−1, γ′2 = 0, p1 = 0.2, p2 = 0.3, q1 = −0.7, q2 = 0.6, p
′
1 = 0.3, p
′
2 = 0.2, q
′
1 = −0.8, q
′
2 = 0.75.
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that can be decoupled into the following bilinear equations
(Dt + aD
2
x)g •f = 0, (84a)
(Dt − aD
2
x)h •f = 0, (84b)
4a2D2xf •f + αgh = 0. (84c)
We remark here that the bilinear equations (84) are presented in [16] by using binary Bell polynomials
method. To find multi-soliton solutions of Eqs. (84), we expand f, g and h as following
f = 1 + ǫ2f (2) + ǫ4f (4) + · · · , (85)
g = ǫg(1) + ǫ3g(3) + · · · , (86)
h = ǫh(1) + ǫh(3) + · · · . (87)
Substituting the expansion (85)-(87) into the bilinear Eq. (84) we find that there are only odd order terms of
ǫ in the first two equations while only even order terms appear in the third one. Comparing the coefficients
at each order of ǫ, we obtain one-soliton solution
g = ǫ exp(η), h = ǫ exp(ξ), (88)
f = 1 + ǫ2
−α
8a2(p+ r)2
exp(η + ξ), (89)
where η = px+ qt+ η0, ξ = rx+ st+ ξ0 and q, s satisfy the dispersion relation
q = −ap2, s = ar2. (90)
Here p, r and η0, ξ0 are arbitrary constants. The two-soliton solution is presented as follows
g = ǫ
(
exp(η1) + exp(η2)
)
+ ǫ3
(
a121 exp(η1 + η2 + ξ1) + a122 exp(η1 + η2 + ξ2)
)
, (91)
h = ǫ
(
exp(ξ1) + exp(ξ2)
)
+ ǫ3
(
b121 exp(ξ1 + ξ2 + η1) + b122 exp(ξ1 + ξ2 + η2)
)
, (92)
f = 1 + ǫ2
[
c11 exp(η1 + ξ1) + c12 exp(η1 + ξ2) + c21 exp(η2 + ξ1) + c22 exp(η2 + ξ2)
]
+ ǫ4c1212 exp(η1 + η2 + ξ1 + ξ2), (93)
where
ηi = pix+ qit+ η
0
i , ξj = rjx+ sjt+ ξ
0
j , (94)
qi = −ap
2
i , sj = ar
2
j , (95)
a121 = −
α(p1 − p2)
2
8a2(p1 + r1)2(p2 + r1)2
, a122 = −
α(p1 − p2)
2
8a2(p1 + r2)2(p2 + r2)2
, (96)
b121 = −
α(r1 − r2)
2
8a2(p1 + r1)2(p1 + r2)2
, b122 = −
α(r1 − r2)
2
8a2(p2 + r1)2(p2 + r2)2
, (97)
cij = −
α
8a2(pi + kj)2
, i, j = 1, 2, (98)
c1212 =
α2(p1 − p2)
2(r1 − r2)
2
64a4(p1 + r1)(p1 + r2)(p2 + r1)(p2 + r2)
. (99)
We can use the following compact expression for the two-soliton solution,
g = exp(η1) + exp(η2) + a(1, 2, 1
∗) exp(η1 + η2 + ξ1)
+ a(1, 2, 2∗) exp(η1 + η2 + η
∗
2), (100)
h = exp(ξ1) + exp(ξ2) + a(1, 1
∗, 2∗) exp(η1 + ξ1 + ξ2)
+ a(2, 1∗, 2∗) exp(η2 + ξ1 + ξ2), (101)
f = 1 + a(1, 1∗) exp(η1 + ξ1) + a(1, 2
∗) exp(η1 + ξ2)
+ a(2, 1∗) exp(η2 + ξ1) + a(2, 2
∗) exp(η2 + ξ2)
+ a(1, 2, 1∗, 2∗) exp(η1 + η2 + ξ1 + ξ2), (102)
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where the coefficients are defined as
a(i, j∗) = −
α
8a2(pi + rj)
, (103)
a(i, j) = −
8a2(pi − pj)
2
α
, (104)
a(i∗, j∗) = −
8a2(ri − rj)
2
α
, (105)
a(i1, i2, · · · , in) =
∏
1≤k<l≤n
a(ik, il). (106)
In the same way, we give the exact N -soliton solution of Eqs. (84) in the following form
f =
(e)∑
µ=0,1
exp

 N∑
j=1
µjηj +
2N∑
j=N+1
µjξj−N +
2N∑
1≤k<l
µkµlAkl

 , (107)
g =
(o)∑
ν=0,1
exp

 N∑
j=1
νjηj +
2N∑
j=N+1
νjξj−N +
2N∑
1≤k<l
νkνlAkl

 , (108)
h =
(o)∑
λ=0,1
exp

 N∑
j=1
λjηj +
2N∑
j=N+1
λjξj−N +
2N∑
1≤k<l
λkλlAkl

 , (109)
where
ηi = pix+ qit+ η
0
j , qj = −ap
2
j , j = 1, 2, · · · , N, (110)
ξj = rjx+ sjt+ ξ
0
j , sj = ar
2
j , j = 1, 2, · · · , N, (111)
exp(Akl) = −
8a2(pk − pl)
2
α
, k < l = 2, 3, · · · , N (112)
exp(Ak,N+l) = −
α
8a2(pk + rl)
, k, l = 1, 2, · · · , N, (113)
exp(AN+k,N+l) = −
8a2(rk − rl)
2
α
, k < l = 2, 3, · · · , N. (114)
Here pj , rj are both real parameters relating respectively to the amplitude and phase of the ith soliton. The
summations
∑(e)
µ=0,1,
∑(o)
ν=0,1 and
∑(o)
λ=0,1 satisfy the condition (26)-(28) respectively.
3.2 Integrable discretization of RNLS equation
The differential-difference RNLS equation is obtained by discretizing the spacial part of the bilinear Eq.
(84),
D2xg •f →
1
δ2
(gn+1fn−1 − 2gnfn + gn−1fn+1), (115)
where x = nδ, n being integers and δ a spatial-interval. We get
Dtgn •fn +
a
δ2
(gn+1fn−1 − 2gnfn + gn−1fn+1) = 0, (116)
Dthn •fn −
a
δ2
(hn+1fn−1 − 2hnfn + hn−1fn+1) = 0, (117)
8a2
δ2
(fn+1fn−1 − f
2
n) + αgnhn = 0. (118)
Let gn = e
unfn, hn = e
vnfn. Then Eqs. (116)-(118) transforms into the following nonlinear form
un,t +
a
δ2
[
(1−
αδ2
8a2
eun+vn)(eun+1−un + eun−1−un)− 2
]
= 0, (119)
vn,t −
a
δ2
[
(1 −
αδ2
8a2
eun+vn)(evn+1−vn + evn−1−vn) + 2
]
= 0. (120)
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When we take the continuum limit δ → 0, Eqs. (119)-(120) tend to Eqs. (79)-(80). In the sequel we
use this discrete spacial step δ = 1. Multiplying (119) by 2(1 − a)(evn+1−vn + evn−1−vn), and (120) by
2(1 + a)(eun+1−un + eun−1−un), adding and subtracting each other, respectively, yield
2(1 + a)
[
un,t + a(e
un+1−un + eun−1−un − 2)
]
(evn+1−vn + evn−1−vn)
+ 2(1− a)
[
vn,t − a(e
vn+1−vn + evn−1−vn + 2)
]
(eun+1−un + eun−1−un)
−
α
2
eun+vn(eun+1−un + eun−1−un)(evn+1−vn + evn−1−vn) = 0, (121)
2(1− a)
[
un,t + a(e
un+1−un + eun−1−un − 2)
]
(evn+1−vn + evn−1−vn)
+ 2(1 + a)
[
vn,t − a(e
vn+1−vn + evn−1−vn + 2)
]
(eun+1−un + eun−1−un)
+
α
2
eun+vn(eun+1−un + eun−1−un)(evn+1−vn + evn−1−vn) = 0. (122)
Adding and subtracting (121)-(122) give us
[
un,t + a(e
un+1−un + eun−1−un − 2)
]
(evn+1−vn + evn−1−vn)
+
[
vn,t − a(e
vn+1−vn + evn−1−vn + 2)
]
(eun+1−un + eun−1−un) = 0, (123)
4a
[
un,t + a(e
un+1−un + eun−1−un − 2)
]
(evn+1−vn + evn−1−vn)
− 4a
[
vn,t − a(e
vn+1−vn + evn−1−vn + 2)
]
(eun+1−un + eun−1−un)
− αeun+vn(eun+1−un + eun−1−un)(evn+1−vn + evn−1−vn) = 0. (124)
From (123) and (124), we get
4(i− a)
[
un,t + a(e
un+1−un + eun−1−un − 2)
]
(evn+1−vn + evn−1−vn)
+ 4(a+ i)
[
vn,t − a(e
vn+1−vn + evn−1−vn + 2)
]
(eun+1−un + eun−1−un)
+ αeun+vn(eun+1−un + eun−1−un)(evn+1−vn + evn−1−vn) = 0. (125)
Setting
Un = exp
(un + vn
2
+ ia
un − vn
2
)
, Vn = U
∗
n = exp
(un + vn
2
− ia
un − vn
2
)
, (126)
or equivalently,
un = ln(U
a−i
2a
n V
a+i
2a
n ), vn = ln(U
a+i
2a
n V
a−i
2a
n ), (127)
and substituting un, vn by Un, Vn into Eq. (125), we obtain a semi-discrete RNLS equation
4(i− a)
[
Re
(a− i
a
Un,t
Un
)
+ a
(∣∣∣(Un+1
Un
) a−i
2a
∣∣∣2 +
∣∣∣(Un−1
Un
)a−i
2a
∣∣∣2 − 2)][
∣∣∣(Un+1
Un
)a+i
2a
∣∣∣2 +
∣∣∣(Un−1
Un
)a+i
2a
∣∣∣2]
+ 4(i+ a)
[
Re
(a+ i
2a
Un,t
Un
)
− a
(∣∣∣(Un+1
Un
)a+i
2a
∣∣∣2 +
∣∣∣(Un−1
Un
)a+i
2a
∣∣∣2 + 2)][
∣∣∣(Un+1
Un
)a−i
2a
∣∣∣2 +
∣∣∣(Un−1
Un
)a−i
2a
∣∣∣2]
+ α
∣∣∣Un
∣∣∣2(
∣∣∣(Un+1
Un
) a+i
2a
∣∣∣2 +
∣∣∣(Un−1
Un
)a+i
2a
∣∣∣2)(
∣∣∣(Un+1
Un
) a−i
2a
∣∣∣2 +
∣∣∣(Un−1
Un
)a−i
2a
∣∣∣2) = 0. (128)
In what follows we put a = 1 and α = −8 for the sake of simplicity. With these special parameters, the
semi-discrete equations (119)-(120) are simplified as follows
un,t + (1 + e
un+vn)(eun+1−un + eun−1−un)− 2 = 0, (129)
vn,t − (1 + e
un+vn)(evn+1−vn + evn−1−vn) + 2 = 0. (130)
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By the transformation eun → un and e
vn → vn, Eqs. (129)-(130) can be expressed in an alternative simpler
form
un,t − 2un + (1 + unvn)(un+1 + un−1) = 0, (131)
vn,t + 2vn − (1 + unvn)(vn+1 + vn−1) = 0. (132)
3.3 Soliton solutions of the integrable semi-discrete version of RNLS
In this section, we construct the multi-soliton solutions of the semi-discrete RNLS equation (128) and hence
show its integrability. We rewrite Eqs. (116)-(118) with δ = a = 1 in following compact form
(
Dt − 2 + 2 cosh(Dn
)
gn •fn = 0, (133)(
Dt + 2− 2 cosh(Dn)
)
hn •fn = 0, (134)
2 sinh2
(
Dn
2
)
fn •fn − gnhn = 0. (135)
Similar to the continuous case, we expand fn, gn and hn into series with respect to a small parameter ǫ
as follows
fn = 1 + ǫ
2f (2)n + ǫ
4f (4)n + · · ·+ ǫ
2kf (2k)n + · · · , (136)
gn = ǫg
(1)
n + ǫ
3g(3)n + · · ·+ ǫ
2k+1g(2k+1)n + · · · , (137)
hn = ǫh
(1)
n + ǫ
3h(3)n + · · ·+ ǫ
2k+1h(2k+1)n + · · · . (138)
We obtain the one-soliton solution
gn = ǫ exp(η1), hn = ǫ exp(η
′
1), fn = 1 +
ǫ2
4
csch2(
β1 + β
′
1
2
) exp(η1 + η
′
1), (139)
where η1 = α1t+ β1n+ γ1, η
′
1 = α
′
1t+ β
′
1n+ γ
′
1, and β1, β
′
1 satisfy the dispersion relation
α1 + 4 sinh
2(
β1
2
) = 0, (140)
α′1 − 4 sinh
2(
β′1
2
) = 0. (141)
Here α1, γ1 and α
′
1, γ
′
1 are arbitrary parameters. The two-soliton solution is presented as follows
gn = ǫ[exp(η1) + exp(η2)] + ǫ
3[̺1 exp(η1 + η2 + η
′
1) + ̺2 exp(η1 + η2 + η
′
2)], (142)
hn = ǫ[exp(η
′
1) + exp(η
′
2)] + ǫ
3[ς1 exp(η
′
1 + η
′
2 + η1) + ς2 exp(η
′
1 + η
′
2 + η2)], (143)
fn = 1 + ǫ
2
[1
4
csch2(
β1 + β
′
1
2
) exp(η1 + η
′
1) +
1
4
csch2(
β1 + β
′
2
2
) exp(η1 + η
′
2)
+
1
4
csch2(
β2 + β
′
1
2
) exp(η2 + η
′
1) +
1
4
csch2(
β2 + β
′
2
2
) exp(η2 + η
′
2)
]
+ ǫ4χ[exp(η1 + η2 + η
′
1 + η
′
2)], (144)
where
̺1 =
(eβ1+β
′
1 − eβ2+β
′
1)2
(eβ1+β
′
1 − 1)2(eβ2+β
′
1 − 1)2
, ̺2 =
(eβ1+β
′
2 − eβ2+β
′
2)2
(eβ1+β
′
2 − 1)2(eβ2+β
′
2 − 1)2
,
ς1 =
(eβ1+β
′
1 − eβ1+β
′
2)2
(eβ1+β
′
1 − 1)2(eβ1+β
′
2 − 1)2
, ς2 =
(eβ2+β
′
1 − eβ2+β
′
2)2
(eβ2+β
′
1 − 1)2(eβ2+β
′
2 − 1)2
,
χ =
(eβ
′
1 − eβ
′
2)2(eβ1 − eβ2)2eβ1+β2+β
′
1+β
′
2
(eβ2+β
′
1 − 1)2(eβ2+β
′
2 − 1)2(eβ1+β
′
1 − 1)2(eβ1+β
′
2 − 1)2
. (145)
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(a) fisson (b) fusion
Fig. 3: The resonant interaction of two solitons of discrete RNLS. One soliton splits into two solitons, or,
two solitons fuse into one.
The coefficient χ plays a role of classification of soliton interactions. When χ is a finite number and not
equal to zero, the regular soliton interaction exists. The resonant interactions of two solitons occur in Eq.
(128) in the case of χ → ∞ or χ → 0. Our discussion is focused on the case of χ = 0 since the other case
can be analyzed in a similar way. Parametric conditions is given as follows
(eβ
′
1 − eβ
′
2)(eβ1 − eβ2) = 0. (146)
Choosing different factors of (146) as zero, we get two types of soliton resonances, i.e., the fission and fusion.
Fig.3 (a) describes one soliton breaks into two solitons with the parameters selected as β1 = 0.9, β2 =
1.8, β′1 = 0.3, β
′
2 = 0.3. Fig.3 (b) shows two solitons fuse into one soliton with the parameters β1 = 0.8, β2 =
0.8, β′1 = 1.5, β
′
2 = 0.9.
Similar as the two-soliton solution (100)-(102) for the continuous equation, we can use the following
compact expression for the above two-soliton solution,
fn = 1 + a(1, 1
∗) exp(η1 + η
′
1) + a(1, 2
∗) exp(η1 + η
′
2)
+ a(2, 1∗) exp(η2 + η
′
1) + a(2, 2
∗) exp(η2 + η
′
2)
+ a(1, 2, 1∗, 2∗) exp(η1 + η2 + η
′
1 + η
′
2), (147)
gn = exp(η1) + exp(η2) + a(1, 2, 1
∗) exp(η1 + η2 + η
′
1)
+ a(1, 2, 2∗) exp(η1 + η2 + η
′
2),
hn = exp(η
′
1) + exp(η
′
2) + a(1, 1
∗, 2∗) exp(η1 + η
′
1 + η
′
2)
+ a(2, 1∗, 2∗) exp(η2 + η
′
1 + η
′
2), (148)
where the coefficients are defined by
a(i, j) = 4 sinh2(
βi − βj
2
), (149)
a(i, j∗) =
1
4
csch2(
βi + β
′
j
2
), (150)
a(i∗, j∗) = 4 sinh2(
β′i − β
′
j
2
). (151)
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The exact N -soliton solution of eqs. (133)-(135) is presented in the form
fn =
(e)∑
µ=0,1
exp

 N∑
j=1
µjηj +
2N∑
j=N+1
µjη
′
j−N +
2N∑
1≤k<l
µkµlAkl

 , (152)
gn =
(o)∑
ν=0,1
exp

 N∑
j=1
νjηj +
2N∑
j=N+1
νjη
′
j−N +
2N∑
1≤k<l
νkνlAkl

 , (153)
hn =
(o)∑
λ=0,1
exp

 N∑
j=1
λjηj +
2N∑
j=N+1
λjη
′
j−N +
2N∑
1≤k<l
λkλlAkl

 , (154)
where
ηj = αjt+ βjn+ γj , αj = −4 sinh
2 βj
2
, j = 1, 2, · · · , N, (155)
η′j = α
′
jt+ β
′
jn+ γ
′
j , α
′
j = 4 sinh
2 β
′
j
2
, j = 1, 2, · · · , N, (156)
exp(Akl) = 4 sinh
2(
βk − βl
2
), k < l = 2, 3, · · · , N, (157)
exp(Ak,N+l) =
1
4
csch2(
βk + β
′
l
2
), k, l = 1, 2, · · · , N, (158)
exp(AN+k,N+l) = 4 sinh
2(
β′k − β
′
l
2
), k < l = 2, 3, · · · , N. (159)
The summations
∑(e)
µ=0,1,
∑(o)
ν=0,1 and
∑(o)
λ=0,1 satisfy the condition (26)-(28) respectively.
4 Conclusions
To summarize, we presented here one semi-discrete integrable version for the (2+1)-dimensional modified
HF equation and one semi-discrete version for the resonant NLS equation. N−soliton solution to the both
discrete systems are given in standard form. Interaction properties of two-soliton solutions are analyzed.
The regular, intermediate-state and resonant soliton interactions of the semi-discrete systems are discussed.
Those analysis on the resonant interactions might have the applications in optical communication systems.
Fully discrete integrable version for the two equations is under consideration.
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